ON THE IRREDUCIBLE REPRESENTATIONS OF 
GENERALIZED QUANTUM DOUBLES 
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Abstract. A description of all the irreducible representations 
of generalized quantum doubles associated to skew pairings of 
semisimple Hopf algebras is given. In particular a description of 
the irreducible representations of semisimple Drinfeld doubles is 
obtained. It is shown that the Grothendieck ring of these gener- 
alized quantum doubles have a structure similar to the rings that 
arise from Green functors. In order to do this we give a formula 
for the tensor product of any two such irreducible representations. 

1. Introduction and main results 

In what follows k is an algebraically closed field of characteristic zero. 
All the algebras and fusion categories considered here are over k. 

To any skew pairing X -.U ®H ^ k one can associate a twisted Hopf 
algebra Dx{U, H) olU ® H called the generalized quantum double of 
U and H (see [20]). If H is finite dimensional, U = H*"""^, and A is 
the usual evaluation map then one obtains the usual quantum double 
D{H) introduced by Drinfeld. 

In this paper we describe all the irreducible representations of the 
Hopf algebras D\{U,H) when U and H are semisimple Hopf algebras 
and A induces a surjective map A(m, —):[/—)■ _f/'*<=°P. To this end, we 
apply Clifford's correspondence for semisimple Hopf algebras that was 
developed in 

The irreducible representations of the Drinfeld double D{G) of a fi- 
nite group are parameterized by pairs {g, M) where g runs through 
representatives of conjugacy classes of G, and M is an irreducible 
CG(f7)-representation. To the pair [g, M) it corresponds the induced 
representations kG ®kCG{g) ^ (^^^ [IS] [28].) 
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Our main result is a description of irreducible representations of 
Dx{U,H) that generalizes the above description for finite groups G. 
More precisely, we prove the following. 

Theorem 1.1. Suppose that f : U ^ H* is a surjective Hopf algebra 
isomorphism. Then all the irreducible Dxf{U, H)-representations are 
of the form SgM '■= H ®L{g) M for some element g E G and some 
irreducible representation M EXg. 

Here the group G is the universal grading group of Rep([/). There- 
fore G is defined by K{U) = kG* where K{U) is the largest central 
Hopf subalgebra of U. For the definition of the set Ig see Equation 
13.251 A definition of the Hopf subalgebra L{g) of H is given in 13.161 
and it can be regarded as a generalization of the group algebra of the 
centralizer of a group element. Moreover, in Corollary 13 . 261 we also give 
a parametrization [g, M) i— )■ Sg^M of all irreducible representations of 
Dx^.{U, H) similar to the case of the quantum double D{G). 

A similar description of the simple objects of the braided center 
of a graded fusion category was given recently in [Hj. It was shown 
in Proposition 3.9 of that in this situation the simple objects of 
Z{C) are in bijection with the pairs formed by a representative of a 
conjugacy class of the universal grading group U (C) and some simple 
equivariant objects of the corresponding grading components. Connec- 
tions between the results obtained in and our results are provided 
in Section m 

In Section [5] we give a categorical description of the category of rep- 
resentations Rep(DA^(f^, H)) for a surjective morphism / of Hopf alge- 
bras. We show that Rep(DA^(f^, H)) is the relative center of the image 
functor f^ induced by /. The notion of relative center of a tensor func- 
tor appears in [1] and is a particular case of the notion of relative center 
of a bimodule category introduced in 

Our second main result is a formula for the tensor product Sg^M®Sh,N 
of two such irreducible DAj(f^5 -f^)-representations. This is given in 
Section [6] where the following is proven: 

Theorem 1.2. Suppose that f : U ]j*cop ^ surjective morphism 
of Hopf algebras. Let M &Xg and N & as above. Then the tensor 
product of two irreducible Df{U, H) -modules is given by: 



(1.3) 



{H M) ® {H (^^h) N) = (BccMH ®L( h) P{x)) 
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where V is a set of representatives for the double cosets Fg\F/Fh and 
P{x) G I is given by 



The finite group F is defined by K{H) = kF* and the conjugate 
modules are defined as in Equation I6.13[ 

The above formula shows that the Grothendieck ring structure of 
D\^{U,H) is also similar to the Grothendieck ring of D{G) of a finite 
group G. The latter ring was described by Cibils in [9J- These ring 
structures were very intensively studied by various authors in connec- 
tion with the Hochschild cohomology ring and with the rings coming 
from Green functors, (see for instance [10|, Pj). Witherspoon noticed 
in ^30j that abelian cocentral extensions of Hopf algebras have also this 
type of structure. Connections with the ring construction from [30] are 
given in Section [6l 

The organization of the paper is the following. In the second section 
we describe the tools that are needed for the rest of this work. They 
include the basic notions of extensions of normal Hopf algebras from 
[5j and the results on Clifford theory developed by the author in [7]. 

The third section gives the general description of the irreducible rep- 
resentations of the generalized quantum doubles of Dx^.{U, H). To this 
end we prove that K{U) is a normal Hopf subalgebra of Df{U, H) and 
apply Clifford's correspondence for this normal Hopf subalgebra. 

In Section m we prove that a semisimple generalized quantum double 
D\{U, H) is a cocentral extension of a certain Hopf subalgebra by the 
group algebra of the universal grading group of the category Rep(t/). 

Section [5] discusses the categorical interpretation of the double crossed 
product. It is shown that the category of representations of a general- 
ized quantum double is the relative center of a certain tensor functor. 

In the last section we prove the tensor product formula from Theorem 
II. 3[ Using this we show that the Grothendieck ring of a generalized 
quantum double has a structure similar to the one obtained in [30j . 



In this section we recall the basic notions and results on semisimple 
Hopf algebras and fusion categories that are needed for the rest of the 
paper. 

Throughout of this paper any finite dimensional semisimple Hopf 
algebra A will be defined over a fixed algebraically closed field k of 
characteristic zero. Then A is also a cosemisimple Hopf algebra and 



(1.4) 




2. Preliminaries 
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= Id (see [18]), where S is the antipode of A. The set of irreducible 
characters of A is denoted by 1tt{A). The Grothendieck group Q{A) 
of the category Rep (A) of finite dimensional left A-modules becomes 
a ring with the multiplicative structure induced by the tensor product 
of A-modules. Then C{A) = Q{A) k is a semisimple subalgebra of 
A* [31] and it has a basis given by the characters of the irreducible 
A- modules. There is a unique bilinear form rriA '■ C{A) x C{A) — )■ k 
on C{A) determined by the relation m^([V"], [W]) = dimHom^(V, W) 
for any two A-modules V and W. 

2.1. Conjugate modules for normal extensions. Let B G A he 

a normal Hopf subalgebra of a semisimple Hopf algebra A and let M 
be an irreducible i?-module with associated character a G C{B). We 
recall the following notion of conjugate module introduced in [5]. It 
was also previously considered in [26] in the cocommutative case. 

If W is an A*-module then W ® M becomes a 5-module with the 
following structure: 

(2.1) b{w ^ m) = Wo ® {S{wi)bw2)m 

for all b & B, w & W and m G M. Here we used that any left A*- 
module ly is a right A-comodule via p{w) = wo®wi. It can be checked 
that ifW = W' as v4*-modules then W (S)M = W' ^M. Thus for any 
irreducible character d G Itt{A*) associated to a simple 74-comodule 
W one can define the 5- module '^M := W (g) M. If a G C{B) is the 
character of M then the character '^a of '^M is given by 

(2.2) '^a(x) = a{Sdixd2) 
for all X G -B (see Proposition 5.3 of [5J). 

2.1.1. Rieffel's equivalence relations for normal extensions. We say that 
two S-modules V and W are equivalent if there is an irreducible A- 
module M such that both V and W are irreducible constituents of of 
M l^. This defines an equivalence relation ~b on the set Ity{B) of 
irreducible characters of B (see |5j). The same notation is used for 
the corresponding equivalence relation on Itt{B). There is an analogue 
equivalent relation on Itt{A). Two A- modules M and N are equivalent 
if there is an irreducible -B-module V that is constituent to both Mb 
and Nb- This equivalence relation is usually denoted by 

Remark 2.3. According to [5J there is a bijective correspondence be- 
tween the equivalence classes of and This correspondence is 
given as follows. Let V be an irreducible A-module and M a constituent 
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of Vb ■ Then the equivalence class of V under ~^ corresponds to the 
equivalence class of M under ~ b ■ 

Remark 2.4. From Proposition 5.12 of [5] it follows that the equiva- 
lence class of the character a G Irr(i?) is given by all the irreducible 
constituents of '^a as d runs through all irreducible characters of A* . 

2.1.2. Restriction and induction to normal Hopf subalgebras. We re- 
call the following results for induction and restriction to normal Hopf 
subalgebras from [5] that will be needed letter. 

Proposition 2.5. Let B be a normal Hopf subalgebra of a semisimple 
Hopf algebra A. Let V be an irreducible A-module with character x ^ 
Irr(A) and M be an irreducible B-module with associated character 
a G Irr(i?). Suppose that V is a constituent of Mb- Then 



(2.6) xn=x{i) 



. 4 tt(l) dim A / s 

The two equations above combined give the following: 

for any a G Irr(i?). 

Suppose that B is an equivalence class of ~b corresponding by Re- 
mark 12.31 to the equivalence class A of Since A is a free left 
-B-module it follows that 

(2.9) Yl (dim M)M ii= J](dim V)V^ 

2.1.3. Subsets closed under multiplication and duality. Recall from [22] 
that a subset X C Irr(y4*) is closed under multiplication if for every 
X, /i G X in the decomposition of xf^ = S7girr(yi*) ^-/l 7 G X 

if 7^ 0. A subset X C Irr(A*) is closed under " * " if x* G X for all 
xeX. 

Any subset of X C Irr(yl*) closed under multiplication and " * " 
generates a Hopf subalgebra A{X) of A by 

A{X) := (BxeiTT{A*)Cx 

where Cx is the simple subcoalgebra of A associated to x. 
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2.1.4. Definition of the stabilizer of an irreducible module. Let M be 
an irreducible 5- module and a G Irr(i?) be its character. Then the 
following result was proven in [7]. 

Proposition 2.10. The set {d G Irr(y4*) | '^a = e{d)a} is closed under 
multiplication and " * ". Thus it generates a Hopf subalgebra Za[ci) of 
A that contains B. 

Example 2.11. Let A = kG and B = kN for a normal subgroup N 
ofG. In this situation Zj^{a) coincides with the group algebra of the 
classical stabilizer of a in G that was introduced by Clifford in [TT] . 

In analogy with the group algebra case the Hopf subalgebra ZA^a) 
is called in [7\ the stabilizer of a in A. 

Remark 2.12. Let B a normal Hopf subalgebra of a semisimple Hopf 
algebra A and M be an irreducible B-module with character a G Irr(i?). 
If G is any subcoalgebra of A then G ®M has a structure of B-module 
as in Equation \2.1\ using the fact that G is a right A-comodule via 
A. Then it follows that G M = MI*^' as B -modules if and only if 
GcZAia). 

2.1.5. Clifford theory for Hopf algebras. Let i? C A be an extension 
of normal semisimple Hopf algebras. Fix an irreducible 5-module M 
with character a G Irr(i?). Suppose that Bi is the equivalence class of 
a under Rieffel's equivalence relation ~b on Irr(i?) for the inclusion 
B C A (see subsection I2.1.ip . 

As in Remark 12.31 suppose also that Ai is the corresponding equiva- 
lence class of Bi on Irr(y4). Consider the characters: 

(2.13) h=Yl ^(1)^- 

and 

2.1.6. Rieffel's equivalence relations for the inclusion B C Za(«). Since 
i? is a normal Hopf subalgebra of ZaIo) one can define as above two 
equivalences relations, on Irr(Zyi(a)) respectively Irr(i?). 

From the definition of the stabilizer it follows that a by itself form 
an equivalence class of Irr(i?), say B'l. Then as in Remark 12.31 one can 
let Zi to be the corresponding equivalence class of Bi on Irr(ZA(a)) 
Thus by definition it follows that Zi is given by 

Zi = {ije Irr(ZA(a))| ^ if^^"^ contains a}. 



SEMISIMPLE HOPF ALGEBRAS 



7 



In this situation, for all irreducible characters ijj G Zi one has by 
Formula ED that ip ;f^(")= ^a. 

2.1.7. Definition of the Clifford correspondence for Hopf algebras. As 
proven in |j7j the above arguments imply that for any ip E Zi all the 
irreducible constituents of ip tzAia) ^i- 

Definition 2.14. Let B G A be a normal extension of semisimple Hopf 
algebras. We say that Clifford correspondence holds for the extension 
B C A and the irreducible character a G Irr(i?) ifip tzAia) '^^ irreducible 
for any irreducible character ip E Zi and the induction function 



given by 'm.d[ip) = ip tz^Ca) ^'^ bijection. 

2.1.8. Necessary and sufficient conditions for Clifford correspondence 
to hold for the character a G Itt{B) and inclusion B G A. 

Theorem 2.15. [Z].y' Let B C A be a normal extension of semisim- 
ple Hopf algebras and M be an irreducible B-module with associated 
character a G Irr(i?). Then Clifford correspondence holds for a if and 
only if the following equivalent conditions are satisfied: 

(1) is a stabilizer in the sense given in |25j . 

(2) The following equality holds: 



As noted in [29] for a finite group algebra extension kH C kG with 
H normal subgroup of G the above condition is satisfied for any a G 
Irr(if). In this case one obtains the classical Clifford correspondence 
for groups from [TT] . 

2.2. Fusion categories associated to semisimple Hopf algebras. 

In this subsection we recall few basics things on fusion categories and 
then consider the fusion category Rep (A) associated to a semisimple 
Hopf algebra A. 

2.2.1. Cradings of fusion categories. Let G be a finite group. Recall 
that a fusion category C is G-graded if there is a decomposition 



ind : Zi ^ Ai 



(2.16) 



B -^B 



(2.17) 



of C into a direct sum of full abelian subcategories such that the tensor 
product of C maps Cg x Ch to Cgh, for all g,h G G. 



8 



SEBASTIAN BURCIU 



There is a universal grading on C by a group U (C) called the universal 
grading group of C. The universal property of this grading consists of 
the fact that any other grading on C is obtained by a quotient group 
of the universal group U{C). 

The fusion category C is also called a G-extension of Ci. Gradings 
and extensions play an important role in the study and classification 
of fusion categories (see [IB] and 



2.2.2. Universal grading group of Iiep{A) . For a semisimple Hopf alge- 
bra A let K{A) be the largest central Hopf subalgebra of A. Since K{A) 
is a commutative Hopf algebra and k algebraically closed it follows that 
K{A) = kG* for some finite group G. 

If C := Rep (A) is the fusion category of finite dimensional represen- 
tations of A then it follows that U{C) = G (see Theorem 3.8 of [TB].) 
Moreover, if 

(2.18) C = (BgecCg 

is the universal grading of Rep (A) then an irreducible character x of 
A satisfies x £ if and only if x iK{A)~ x{^)g- Following the proof of 
Theorem 3.8 of [15] it is easy to deduce that 

(2.19) pg= Yl 

M<^0(C,) 

where 0{Cg) is the set of isomorphism classes of simple object of the 
abelian category Cg. Here cm ^ H is the primitive central idempotent 
associated to M. 

On the other hand, by Frobenius reciprocity, it follows that g t^(A)~ 
SxeCg X(1)X- Thus one has 

/ n9 dimA 

(2.20) = 



IGI 



and therefore FPdim(Cc,) = ^j^p where FPdim(Cg) is the dimension 
Frobenius - Peron of Cg (see [12] for its definition). 

2.2.3. Nilpotent fusion categories. Recall that a fusion category C is 
called nilpotent if there is a sequence of fusion categories 

Co = Vecfc, Ci, Cn = C 

such that Ci is a Gj-extension of Cj_i, for some finite groups Gi, ■ ■ ■ , G„. 
This is equivalent to the fact that the sequence of adjoint subcategories 

(2.21) CDCi 3C„+i--- 
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stops at Cm = Vec for some m > 1. Recall from [15] that the adjoint 
subcategories are defined inductively by Ci = Cad and Cn+i = (C„)ad 
for all n> 1. 

If C = Rep (A) for some semisimple Hopf algebra A it follows that 
Cad = Rep(A/ /K{A)). Moreover there are Hopf subalgebras 

(2.22) Ki{A) = K{A) C ■ ■ ■ K^A) C Kn+^{A) ■ ■ ■ 

of A such that C„ = Rep{A/ /Kn{A)). Thus Rep(y4) is a nilpotent 
fusion category if and only if Km{A) = A for some m > 1. 

3. Irreducible modules over generalized quantum doubles 

In this section a description of the irreducible modules of semisimple 
generalized quantum doubles will be given by using Clifford's corre- 
spondence for Hopf algebras that was developed in the previous sec- 
tion. 

3.1. Generalized quantum doubles of Hopf algebras. Majid in- 
troduced in ([20, Example 7.2.6]) the following generalization of the 
construction of a Drinfeld double. Let U and H be Hopf algebras and 
X : U ^ H k he a skew pairing oiU ® H. Recall from [20] that this 
means that A is an invertible bilinear map such that 

(3.1) X{u,ah) = \{u2,a)\{ui,h) 

(3.2) X{uv,a) = X{u,ai)X{v,a2) 

(3.3) A(l, a) = e(a) 

(3.4) X{u, 1) = e{u) 

for all u,v ^ U and a,b E H. Let A := U ^ H he the tensor product 
Hopf algebra of U and H and let a : A ^ A ^ k he the bilinear map 
defined by 

(3.5) a{u ^ a, V ^ b) = e{a)X{v,a)e{b) 

for all u,v E U and a,b E H. Then it can be easily checked that a is 
an invertible 2-cocycle on A (see also |1]) with the inverse given 

a~^{u ® a, V ^b) = e{a)X^^{v, a)e{b), 

for all u,v E U and a,b E H. Here X'^i^v, a) = X{Sv,a) = X{v,S^^a) 
is the convolution inverse of A. 
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The twist Hopf algebra Aa- is called a crossed product Hopf algebra of 
U and H with respect to A and it is denoted by Dx{U, H). Note that U 
and H are both Hopf subalgebras of Dx{U,H) and the multiplication 
map m : U ® H ^ Dx{U,H) is bijective. Therefore Dx{U,H) is a 
particular case of bicrossed product (of U and H) in the sense given 
by Majid in [20]. 

The multiplication formula in Dx{U, H) is given by 

{u ixi a)(f ixi 6) = A(fi, ai)\(v3, S~^a^)uv2 cxi 026 

and the antipode of Dx{U, H) is given by 

S{u (xi a) = S{a)S{u) = \{Su3, Sas)\{Sui, ai)Su2 cxi 5*02. 

These double crossed products Dx{U,H) are also called generalized 
quantum doubles since they generalize the well known construction of 
a quantum double. 

3.1.1. Definition of Dxj{U, H) . Consider a Hopf algebra map f : U ^ 
H* and define 

Xf{u, h) = f{u){h) 

for all M G t/ and h & H. Then Xf becomes a Hopf skew pairing as 
above. Moreover the inverse of A/ is given by 

X]\u, h) = fiu)iS"'h). 

We will also use the notation < u,h >:= Xf{u, h). Then the cocycle 
a from Equation 13.51 becomes 

(3.6) a{u ®h, u' ® h') = e{u) <u',h> e{h'). 

and the inverse of a is given by 

a~^{u ®h, u' ® h') = e{u) < S'^^u, h > e{h'). 

The above double crossed product Hopf algebra Dxf{U,H) will be 
shortly denoted below by Df{U, H). 

Remark 3.7. IfU and H are finite dimensional then any skew pairing 
X can he written as X = Xf for some Hopf algebra map f : U ^ H* 
Indeed, it can he seen that conditions \3 . 1\ 3.4 are equivalent to the map 
f : U ^ H* ™P given by u ^ X{u, — ) to be a bialgebra morphism 
and therefore a Hopf algebra morphism since both U and H are finite 
dimensional. Then clearly X = Xf 

Theorem 3.8. Let f : U ^ H* be a surjective morphism of semisim- 
ple Hopf algebras and A := Df{U,H) be the double crossed product as 
above. Then the Hopf centre K{U) is a normal Hopf subalgebra of 
Df{U,H). 
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Proof. Clearly K{U) is closed under the adjoint action of U since it is 
a central Hopf subalgebra of U. It remains to show that K{U) is closed 
under the adjoint action of H on A. 

Identify A* with U* (g) H* via 
(3.9) <u* (g) h*, uixih >=< u*, u>< h*, h> . 

liheH &ndue K{U) then 

hiuS{h2) = U2 ixi< ui, hi >< U3, S^^h^ > h2S{h4). 
Then for any h* G H* one has: 

(id (g) h*){hiuS{h2)) = (id (g) h*){u2 m < ui, hi >< u^, S'^h^ > h2S{h^)) 

= ^2 CXI < ui, hi >< ^3, S^^h^ >< h*, h2Shji > 
= ^2 ixi < ui, hi >< U3, S'^hs >< hi, /i2 >< hi, Sh^ > 

= U2>^<fiui)hi{s-'f{m))s{h;),h> 



Since u G K{U) and / is a surjective Hopf map it follows that f{u) G 
K{H*''°P). Thus for all h* G H* one has: 

{id®h*){hiuS{h2)) = U2txi< f{uiS-\u3))hlS{h;), h> 

= h*{l)u2 M < uiS'^ius), h > 

This implies that 

(3.10) hiuS{h2) =< UiSlu^), h > U2 1x1 1 

for all h E H. Therefore K{U) is also closed under the adjoint action 
of H on Df{U,H). □ 

Next Lemma can be regarded as generalization of Theorem 3 from 

Lemma 3.11. Let f : U ^ ^*cop ^ morphism of semisimple Hopf 
algebras and A := Df{U,H) be the double crossed product as above. 
Then 

as Hopf algebras via u ® h ^ h ® u. 

Proof. Note that Xf*{h,u) = Xf{u,h) = f{u){h). Then the rest of the 
proof is a straightforward computation. □ 

Corollary 3.12. Let f : U jj*cop injective morphism of 

semisimple Hopf algebras and A := Df{U,H) be the double crossed 
product as above. Then K{H) is a normal Hopf subalgebra of A. 
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Proof. Clearly /* : °p — )■ f/* is a surjective morphism of Hopf al- 
gebras and one can apply Theorem 13.81 to Df*{H°P,U"^). Then the 
previous Lemma proves that K{H) is also a normal Hopf subalge- 
bra of Df{U,H). Indeed K{H°^) is a normal Hopf subalgebra of 
Df*{H"^, U°^) and by the above isomorphism this is sent to the Hopf 
subalgebra K{H) of D{U, H). □ 

For any finite group G and any g E G\et Ccig) be the centralizer of 
the element g E G. We identify the irreducible /cG*-modules kpg with 
their characters g E G. 

3.2. On the central Hopf subalgebra map. Let f : U ^ jj*cop 
be a surjective morphism of semisimple Hopf algebras. Suppose that 
K{U) = kG* and K{H* =°p) = kF* for two finite groups G and F. 
Since f is surjective one has that f{K{U)) is a Hopf subalgebra of 
^(^^*cop) This implies that 

flKiu) ■■ kG* ^ kF* 

is a morphism of Hopf algebras. Therefore f\K(u) is induced by a group 
morphism f* : F ^ G. Then for any g E G it follows that 

(3.13) fip,)= Yl 

{xeF\f*{x)=g} 

where {pg}g^a ^^^^ group element basis in kG*. Similarly {qx}^^p 
is the dual group element basis in kF*. Now let Ci = Rep(f/) and 
C2 = Rep(if* be the fusion categories of finite dimensional repre- 
sentations of U and respectively H* Thus as in Subsection 12.2. II we 
have universal gradings: 

and 

C2 = ®xgf{C2)x- 

Note that if ii' is a Hopf subalgebra of H then U ixi K is a Hopf 
subalgebra of Df{U, H). 

Theorem 3.14. Let f : U jj*cop ^ surjective morphism of 
semisimple Hopf algebras and A := Df{U,H) be the double crossed 
product associated to f. Suppose as above that K{U) = kG* and 
K{H*''°P) = kF*. 

(1) For any g E G the conjugate kG*-modules of g in A (in the 
sense of \2.1\) are all the group conjugate elements f*{x)gf*{x)~^ 
with X E F. 
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(2) The stabilizer of a such kG* -module g G Irr(A;G'*) is given by 

(3.15) ZA{g) = U L{g) 

where L{g) is the Hopf subalgebra of H such that 

(3.16) Rep(L(^)*) = ©{^ I /.(a;)GCG{g)}(C2)x- 

Proof. (1) Since K{U) is a central subalgebra in U by relation 12.21 
it follows that every irreducible character of U stabilizes the 
character g & G. 

Let now d G Irr(y4*) be an irreducible character of A*. Then 
applying Equation 13. 101 for S{d) one has the following formula 
for the conjugate character '^g: 

C^(7)(x): = g{Sd^xd2) 

= giiSdhxSiiSd),)) 
= < SxiX3, S{d) > g{x2) 
= < SxsXi, d > g{x2)- 
for all X G K{U). U x = ph with h ^ G then one has that 

i'^9)iPh)= 5Z < Pw-^Pu, d > g{p^) =< ^ Pu, d> 

uvw=h {u I ugu-^=h} 

Therefore if d G (Cz)^ then '^g = e{d)f*{x)gf*{x)-\ 
(2) From the previous formula it follows that d G {C2)x stabilizes g 
if and only if f*{x)g = gf*{x). Therefore the stabilizer ZA{g) of 
g is generated by the Hopf subalgebra U and L{g) where L{g) 
is the Hopf subalgebra of H with the property: 

(3.17) RepiLig)*) = , /.(.)eCG(<;)}(C2)x. 

□ 

Remark 3.18. From the proof above one can see that the irreducible 
characters d G lTT{L{g)*) are determine by the relation 

< SxsXi,d> g{x2) = g{x)e{d) 

for allxe K{U). 

3.3. Clifford Theory for generalized quantum doubles. 

Theorem 3.19. Let f : U jj*cop ^ surjective morphism of 
semisimple Hopf algebras and A := Df{U,H) be the generalized quan- 
tum double associated to f . Then Clifford's correspondence holds for 
the normal extension K{U) C Df{U,H) and for any g G Itt{K{U)). 
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Proof. Let as above ZaIq) := U tx\ L{g) be the stabilizer of g. By The- 
orem 12.151 to show that Chfford correspondence holds for the extension 
K{U) C Df{U, H) one has to prove that 

mK{u){g fK{u)^K'{u)^ 9) = mK(u)ig ti(u)lK{u), 9) 

for all g & G. 

Note that F acts on G via conjugation by /*: 

(3.20) ^g := r{x)gr{xr\ 

Thus the size of the orbit 0{g) of g is |g^^[^^^^ where Stabi7'(x) := {x G 

F I f\x) G Gem- 

Theorem 13. 141 implies that the conjugate A-modules of g are exactly 
the elements of 0{g), the orbit of g E G under the action of F. Then 
by Proposition 12.51 one has 

(3.21) g ti(.);^(.)= auaKmO{g)\ ^ 

Since |0(5')| = |stJb^(g)| ^^"^ dim K{U) = \G\ one has that 
(3.22) 

( ■^~A ,A \ _ dimA _ (dimy4)|Stabi7(5()| 
mKiu){9, 9 TKiuMu)) - auaKiU)\Oig)\ ~ \F\\G\ 

On the other hand since g is Z^((y')-stable one has by the same Propo- 



sition 12.51 that 

,^zA9)^z^ig)_ dimZAjg) 
9 \Kiu)-^Kiu)- dimir(f/) 

Then it follows that 



(3.23) mKiu)ig, 9fK(uh 



ZA(9)\ZA{g)^ ^ dimZAjg) ^ (dimL(^))(dim[/) 
K{u)^K{u)) dimK([/) dim K{U) 



On the other hand formula 12.201 and definition 13.161 of L{g) imply 
that 

dimL(^7) = G F I nx) G GG{g)}\ = ^^|Stab^(^7)|. 

Thus 

, ^ , , (dim/7)(dimf/)|Stabi7(^)| (dim A)|StabF(^)| 
dim ZA{g) = = 

and Equation 13.231 becomes 

rr. (n n I _ ^^^^((7) _ (dim A) | Stab^ ((7) | 
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Comparing Equations 13.221 and 13.241 it follows the Clifford correspon- 
dence holds for any g G \ii{K{U)). □ 

For any g & G define the set 

(3.25) Xg = {M e lrr(f/ M L{g)) \Mk(u) = 9 dim M} 

Since Clifford correspondence holds for any g G Irr(A;G*) one can 
now give a proof of Theorem 11.11 

Proof of Theorem ll.lt Applying Clifford's correspondence from 
Subsection 12.1.71 it follows that any irreducible Z)j(f7, if) -module that 
seats over g ^ G is induced from an irreducible module of [/ ixi L{g). 
Let M be such a module. Then it is easy to show 

Df{U, H) ®u^L{g) M = H ®L{g) M 

via the map 

{u CXI h) 0UtxL{g) "m Ul, Shi >< Us, hs > h2 ®L{g) U2m. □ 

Denote by Sg^M the simple Df{U, if)-module H ®Li^g) M from above. 
One also has the following: 

Corollary 3.26. With the hypothesis from the previous Theorem there 
is a bijection Sg^M ^ (q^M) between the set of irreducible Df{U,H)- 
modules and the pairs {g, M) with M G and (? G F where T G G is 
a set of representative elements of the orbits of the action \3T2^ of F on 
G. 

3.3.1. On the Drinfeld double of a Hopf algebra. Let A be a semisimple 
Hopf algebra. It is well known that the Drinfeld double D{A) is a 
double crossed product oi U = A* ™p with H = A where the map 
j . jj* cop ^ ^ is the identity idyi* cop . Therefore 

Ad^.coplA*'^"^^) ^ D{A) 

as Hopf algebras via the identity map. Then the group morphism 
/* from Equation 13.131 also becomes the identity morphism from G to 
itself. Thus K{A* ^°p) = k[G]* is a normal Hopf subalgebra of D{A). 
For any element g E G one has that the stabilizer Zo{A){g) is given 
by A*^°^ ixi L{g). Thus Proposition 11.11 gives that any irreducible 
D{A)-m.o(\v\e is of the form A*'^°'^ ®L{g) M for some irreducible left 
A* ™P M L(^)-module M G Ig. 

In the example bellow we will see that this description for irreducible 
modules generalizes the well known description for irreducible modules 
over -D(G), the Drinfeld double of a finite group G (see [19] or [29]). 
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3.3.2. The Drinfeld double of a group. Let G be a finite group and 
D{G) be the quantum double associated to G. It is well known that any 
irreducible D(G)-module is of the form kC^kCaig) ^ irreducible 
CG'(5')-module (see for example [2H]-) Next example shows that this 
description follows from Theorer dl.H 

Example 3.27. Let G he a finite group. Then as above D{G) ^■ 
Did{kG* "°P, kG) as Hopf algebras. Thus m this situation K{kG* ™p) = 
]^Q*cop Moreover since Irr(fcG*) = G Formula \3.16\ implies that the 
Hopf subalgebra L{g) of kG coincides to the group algebra kCcig) 
the stabilizer subgroup of g. Then it is also easy to check that Xg = 
lTT{CG{g)) in this situation. Indeed, an irreducible kG*'^°^ cxi kCcig) 
module with M\kG*''°p = 5'(dim M) is completely determined by the ac- 
tion ofCcig)- Thus in this case one obtains the well known description 
of irreducible modules over D{G) from [28j. 

4. Generalized quantum doubles as cocentral extensions 

and equivariantizations 

Recall that a group G acts by tensor equivalences on a fusion cate- 
gory C if there is a tensor functor p : G—^ Aut ^C. This means that, for 
every g & G, there is a fc-linear tensor functor : C ^ C and natural 
isomorphisms of tensor functors pf''^ : p^p'^ — )• p^^, g,h e G, and unity 
tensor isomorphism po '■ idc ~^ P^; subject to some natural compatibil- 
ity conditions (see [27]). If G acts by tensor equivalences on a fusion 
category C then one can construct the fusion category of invariant 
objects as in [27]. Simple objects of general equivariantizations will be 
described in [S]. 

4.0. 3. The equivariant category associated to a cocentral extension. Re- 
call that an exact sequence of Hopf algebras 

(4.1) k-^A^H^kG^k 

is called cocentral if kG* C Z{H*) via tt*. Following Proposition 3.5 
of [21] it follows that for any such extension one has that G acts on 
Rep (A) and Rep (if) = Rep(v4)^. 

4.1. The cocentral extension associated to a double crossed 

product. Let f : U ^ H* ™p be any morphism of Hopf algebras and 
Df{U,H) be the double crossed product associated to /. As in Equa- 
tion |3l9] identify Df{U, H)* U* ® H* as algebras via the evaluation 

(4.2) <u* (g)h*, u\Xih>= u*{u)h*{h) 
for all u* eU*, u e U, h* G H* and he H. 
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Lemma 4.3. Under the identification Df{U,H)* = U* ® H* from 
Equation \4.^ the comultiplication on Df{U,H)* becomes the following: 

(4.4) A{u* ® h*) = {ul ® fiei)h*J{ej)) ® ie*u;S-\e*) ® h;) 

where {cjjj is a basis on U and {e*}i is the dual basis on U* . 

Proof. One has 

{u* (g) h*){{x txi m){y txi I)) = {u* ® h*){xy2 ixi m2l) < mi, yi >< m^, Sy^ > 

= u*{xy2)h*{m2l) < mi, yi X mg, 5^3 > 

On the other hand: 

<u[® f{ei)hlf{ej), X M m >< e*ulS~^{ejy ®h*2,yt^l> 
= <(x)(/(e,)/^t/(e,))(m)(e*^S-i(e*))(?/)/i;(/) 

= ^(x)/(e.)(mi)/iKm2)/(e,)(m3)(en(z/i)«;(i/2)5-'e*(y3)/i;(0 
= ulix)fiyi)imi)f{S'^y3){m3)h*{m2l)u*{y2) 
= ul{xy2)h* {hm) < mi, yi X m-s, Sy3 > 

for all x,y & U and m,l E H . □ 

Theorem 4.5. Let f : U jj*cop ^ Hopf algebra morphism. Sup- 
pose that K{U*) = kG* and let Tixiu*) ■ U* U*//K{U*) be the 
canonical Hopf projection. With the above notations it follows that: 

(4.6) k ^ Dj^,^^^^^iiU*//KiU*)r, H) ^ DfiU, H) ^ kG ^ k 

is a cocentral extension of Hopf algebras. Therefore 

RepiDjiU^H)) = Rev{Dj^.^^^,^{{U* / /K{W))\H)f 

as fusion categories. 

Proof. It is a straightforward computation to verify that the Hopf sub- 
algebra Dj^*^^^^^{{U*/ /K{U*))\H) is normal inside Df{U,H). More- 
over 

Dj{U,H)//Df^.^^^^^{{Uy/K{Unr,H) = U//{{U*//K{Unr 

and 

U//{U*//K{U*)y = K{U*y = kG. 

It remains to show that the above sequence is cocentral namely 
that K{U*) is a central Hopf subalgebra of Df{U, H)*. The identi- 
fication from Equation 14.21 shows that K{U*) is a central subalgebra of 
Df{U, H)* since it is a central subalgebra of U*. It remains to show that 
K{U*) is a subcoalgebra of Df{U, H)*. In order to see this one has to 
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use the comultiphcation Formula l4.4l from above. Indeed if u* G K{U*) 
then 

A{u* ®eH*) = Y.^ul ® f{ei)f{ej)) ® ie*u;S-\e*) ® en*) 

id 
id 

= (m* (g) e^. ) ® (^2 ® e//. ) 

Here we used that 

(4.7) e*S'\e*) ® dCj = e^/. ® 1 

which can be proved by straightforward computation. □ 
Using the reconstruction theorem from [2] it follows that 

(4.8) DfiU,H) ^ Df^.^^^,^{{U*//K{U*))\H) kG 

for some cocycle a and dual cocyle r. In the case of a nilpotent fusion 
category Rep(f/*) (in the sense of [U]) one can iterate this construction 
and get the following: 

Corollary 4.9. Suppose that Rep(f/*) is a nilpotent fusion category. 
Then Df{U,H) is isomorphic as Hopf algebras with the an iteration of 
cocentral extensions: 

Proof. Since Rep(?7*) is a nilpotent fusion category, with the notations 
from Subsection 12.2.31 it follows that Kn{U*) = U* for some n > 1. 
Then one has to iterate for n-times the construction from Equation 14.81 
to get the above isomorphism. □ 

5. Categorical interpretation of the double crossed 

PRODUCT 

It is well known (see [16]) that D(A)-mod is equivalent as braided 
categories to the center Z{A — mod) of the category of A- modules. We 
generalize below this example using the relative center of a monoidal 
functor. 

5.1. The relative center of a monoidal functor. Let V and C be 

monoidal categories, and let (F, F2, Fq) : P — )■ C be a monoidal functor. 
Recall that in this situation F2(X, Y) : F{X®Y) -> F{X)®F{Y) and 
Fq : F{lx)) — Ic are isomorphism satisfying the compatibility axioms 
from [?]. 

As in [1] define the relative center Zf{C) of F as the following cate- 
gory: 
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Objects of ZpiC) are pairs (V,7), where V is an object of C and 7 
is a natural transformation 

{^x-.V® F{X) F{X) ® V}xev 

satisfying: 
(5.1) 

(idy (g)F2(X, r))7x®y = {ix ® idF(y))(idF(x) ®7y)(^2(X, F) ® idy), 
and 

(5.2) (Fo®idy) =7i^(idv®Fo) 

Morphisms u : (V,7) — )■ {W,5) in 2f(C) are morphisms u:V^W 
in C that are compatible with 7 and 5, i.e 

(5.3) {u ® idx)7x = <5x(idx ®u) 

for any X E T). The relative center category Zp{C) is a monoidal 
category (see [ij), with the tensor product defined by 

(5.4) {V,-f)®{W,y) = {V®W,{j®idw){idv®i')). 

Moreover there is a canonical forgetful functor U : Zf{C) — ?■ C which 
is clearly monoidal. 

Remark 5.5. Note that C becomes a V-himodule category via F and 
the relative center Zp{C) from above coincides to the relative center of 
a himodule category introduced in |14] . 

There are also two canonical functors 

(5.6) Fv : Z{V) ^ Zf{C) 
and 

(5.7) Fe : Z{C) ^ Zf{C) 

obtained from the braidings of Z{T>) and Z{C) as following. The func- 
tor Fq is obtained by restriction of the braiding on Z{C) to the image 
of F. The other functor F-jj ■ Z(V) — > Zp{C) is defined by applying F 
to the braiding from Z(T>). 

Remark 5.8. Note that for C = V and F identity one obtains the 
usual Drinfeld center Z{V) of the fusion category V. 

The category ZpiC) is also denoted by Z-piC) if the functor F is 
implicitly understood. 



20 



SEBASTIAN BURCIU 



5.2. Relative centers and double crossed products. Suppose that 
f : U — 7- is a morphism of semisimple Hopf algebras. Therefore / 
induces a functor : Rep(iJ) — i- Rep(f/) and one can consider the 
relative center Zf^{Rep{H)). 

The proof of the following Proposition follows the lines from [16]. 

Proposition 5.9. With the above notations one has the following equiv- 
alence of fusion categories: 

(5.10) Rep(Dy.cop(i/*^°P,f/)) ^ % (Rep (if)) 

Proof. Let C := Rep([/) and V := Rep{H). Thus one has f.^:V^C. 
If (V,7^) e Z/,(C) then define p(t;) := 7)^(1 ® z;) G V ® if. The 
property 

implies that is a ii-right comodule and therefore a left (ii)* '^"^ - mod- 
ule. On the other hand the fact that 7)^ is ii-linear implies that the left 
ii-action and the left [/-action satisfy the necessary compatibility con- 
ditions in order to obtain that ^ is a Dj* cop (ii* ^°p, f/)-module. In this 
way one obtains a tensor functor F : Zf^{C) — )■ Rep (i^/. cop (ii* ™p, U)) 
given by (V,7^) 1— )■ V with the above i^j. cop (ii* '^°p, ?7)-module struc- 
ture of V . 

Conversely, define the functor G : Rep (£>/. cop (ii* =°p, f/)) ^ Z/.(C) 
as following. For any Df* cop (ii* ™p, f/)-module define 7]^ : X ® ^ 
V®Xhyx®v\-^VQ® vix where p{v) = vq ® vi is the ii-comdule 
structure induced on V by the left H* '^°P-module structure. It can be 
checked that 7]^ is [/-linear and the diagram 15.11 is satisfied. Moreover 
7^ is invertible with the inverse given hy x ® v ^ vq ® S{vi)x. □ 

Note that there is a Hopf algebra map cop (ii* =°p, f/) D{U) 
given by /i* txi M I— )■ f*^°'P{h*) ixi u. At the category level this map 
induces the functor : Z{C) — t- Zj^iV) from 15.71 Also the Hopf 
algebra map Df* cop(ii* """p, f/) — )■ D{H) given by /i* txi m i-> /;,* ixi /(m) 
induces the other functor : Z{V) — )■ Zf^(V) from 15.61 

5.3. On the quantum double of a semisimple Hopf algebra. 

Suppose that A is a semisimple Hopf algebra and let D{A) be its quan- 
tum double. Then as we already remarked D{A) is a double crossed 
product of A and A* ™p, namely D{A) = Did{A* ™p, A). Therefore one 
can apply the results of Theorem 14.51 section to this particular case. 

Let G = U (A) be the universal grading group of the fusion category 
C = Rep(A). Then the universal grading of C is given by 



(5.11) 
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where V := Ci = Rep{A/ / K{A)). Then as in Proposition 15.91 one 
obtains that 

Z^iC) = Rep{D^*^^JiA//K{A)r^^^,A)) 

where D^^cop A) = (A//K(A))*-p m A. 

For the rest of this subsection let B := {A//K{A)y m A. 

Proposition 5.12. The H op f algebra K{A) is a central Hopf subalgebra 
of B and therefore there is a canonical induced grading by G on Rep(i?). 

Proof Indeed if x G K{A) and / G {A//K{A)y then one has that 
xf = {xi ^ f ^ 8x3) ® X2 = / CXI e{Sx3Xi)x2 = f txi X. Thus K{A) 
is central Hopf subalgebra of I? = {A//K{A))* tx\ A. The induced 
canonical grading by G is given by M G Rep(i?) if and only if M ix{A)~ 
{dim M)g. □ 

Note that from the proof of Proposition 15.91 it follows that the graded 
components are given by Rep{B)g = Zx>{Cg). Thus we obtain the 
grading 



which coincides with the grading (18) from page 10 of [Ti] . 

On the other hand applying Theorem 14.51 it follows that one has the 
following cocentral extension of D{A): 



Using Proposition 3.5 of [21j this proves the fact Zx>{C)'^ = Z{C). 
Moreover using the notation from Section [3] it follows that Xg coincides 
to the set of simple CG(fi')-equivariants objects of ZT){Cg)'^'^^^\ Then 
the bijection from Corollary 13.261 corresponds to the bijection described 
in Proposition 3.9 of [14j . 

6. On the Grothendieck ring of a generalized quantum 



6.1. Hopf subalgebras arising from the dual universal grading. 

Let if be a semisimple Hopf algebra with K[H*) = kF* for some finite 
group F. Let C = Rep (if*) be the category of finite dimensional left 
ii'*-modules and 



Zv{C) = (BgecZviCg) 



(5.13) 



B ^ D{A) ^kG ^k 



DOUBLE 



(6.1) 



be the universal grading of C. 
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6.1.1. To any irreducible character d G \ii{H*) one can associate a 
simple subcoalgebra Cd of H as in [ITj. Then for any subset X G F 
one can define a subcoalgebra H{X) of H as the sum of the simple 
subcoalgebras Cd of H verifying: 

(6.2) H{xy= Cd 

{d&TT{H*) I deCa: for some xGX} 

By [23] it follows H{X) is a Hopf subalgebra of H if and only if X 
is a subgroup of F. Moreover note that 

(6.3) dimH{X) = |X|FPdim(Ci) 
for any subset X G F. 

From Equation 13.161 it follows that L{g) = H{Fg) for any g eG. 

Suppose that M and are subgroups of F and d G \ii{H*) with 
d G Ca; under the grading from Equation 16.11 Note that the double 
coset H{M)CdH{N) in H{M)\H/H{N) is given by 

(6.4) H{M)CdH{N) = (Bt^M.NCt 

where d G Cf. See [6] for the definition of double cosets for Hopf 
subalgebras. Thus there is a bijection between the Hopf algebra dou- 
ble cosets H{M)\H/H{N) and the group double cosets M\F/N . 
The coset H{M)CdH{N) corresponds to the double coset of MxN G 
M\F/N where x G -F is chosen hj d E C^- 

Remark 6.5. Note that if N is a subgroup of F and X G F such 
that NX G X then H{X) is a left H{N) -module by Theorem of [23j. 
Similarly, if XN G X then H{X) is a right-H{N) module. 

6.1.2. Since K{H*) = kF* G H* note that for any a G H{X) one has 
that Py{a) = a y ^ X. On the other hand since J2x£fP^ ~ it 
follows that 

(6.6) Y,PM = <h) 

for all a G H{X) and any subset X G F. 
Note also that for any x,y & F and a E H 

(6.7) Px{0'l)Py{0'3)0'2 = 5x,yPx{.ai)a2 

since Pg and ph are central elements of H*. Indeed for any / G H* one 
has 

f{.Px{.ai)py{a^)a2) = iPxfPy)ia) = S^,y{Pxf){a) 

= f{.5x,yPx{.ai)a2). 
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6.2. On the Grothendieck ring structure of Df{U,H). As above 
consider f : U — )► iJ * '^°p be a surjective Hopf algebra map and let 
A := Df{U,H). Then F acts on G as in Equation 13.201 via = 
f*{x)gf*{x)~^. For any g E G let Fg be the stabilizer of G under this 
action and denote by 0{g) the orbit generated by g. Thus 

(6.8) 1^(^)1 = S 

Lemma 6.9. Let i : L "-^ H be a Hopf subalgebra of H and suppose 
that M is a Di* cop f[U, L) -module. Then H ®lM is Df{U, H) -module 
with the regular action of H and the structure of U -module given by 

(6.10) u{h ®Lni) =< Ml, Shi >< Us, hs > (/i2 ®l U2m) 

Proof. Note that Di* cop f[U, L) = [/ixiLcf/ixii7isa subalgebra of 
Df{U,H). Then 

(6.11) M tDfc:p^iu,L)= (U M H) ®u^L M = H®lM 

and the module structure coincides with the one from above. □ 

6.2.1. On the conjugate modules ^M. Let \g be the abelian full sub- 
category of [/ ixi L{g)-mod generated by the set of irreducible modules 
M EXg. We extend the notation Sg^M for any M Elg, not necessarily 
irreducible U cxi L(5f)-module. Thus if M G Ig then 

(6.12) Sg,M := H (S)Lig) M 
with the action of U defined as in Equation 16.101 

For any x E F and M ^Xg define the following left L{ ^5f)-module 

(6.13) := H{xFg) ^Lig) M. 

Since F^g = xFgX~^ it follows Fxg[xFg) = xFg and therefore is 
a L{ '^5f)-module via left multiplication. Note also that dim = 
dimM. 

Then it can be easily checked that is a f/ cxi L( ^(7)-module via 
(6.14) 

{u CXI a){h m) =< Ui,S{aihi) >< M3, 03/13 > 02/^2 ®L(g) 

Indeed applying Lemma I6l9] one has that H ®L(g) M is a Df{U,H)- 
module and in particular a f/ ixi L( ^(7)-module. Then it can be checked 
that is a [/ ixi L( ''5()-submodule of H ®L{g) M. 

Lemma 6.15. With the above notations it follows that G l^g. 
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Proof. One has to check that ^M|^(.^^= dimM. Since M l^^jjy 
g dimM one has that pbfn = 6b,gm for all b E G. 

If / G G using the module structure from Lemma 16.91 one has 



Pi{h m) = ^ < pa,hi >< pc, Sh3> h2 ®l(<;) Pbin 

abc=l 

= ^ < Pa,hi >< Pc, Shs> h2 ®L{g) Sg,bm 
abc=l 

= <Pa,hi><Pc,Sh3> h2<S)L{g)m 

agc=l 

= < Pa, hi >< Pc-i,h > h ®L(g) m 

agc=l 



Applying now Equation 16.71 (for H = U*) one has 

Pi{h®L{g)m) = < Pa, hi >< Pc-i,h > h (8)L(g) m 

agc=l 

= ^ 5a,c-i < Pa, hi > h2 ®L(<;) m 
agc=l 

= <Pa,hi> h2 ®L{g) m 

{aeG I aga-i=i} 

On the other hand by formula 13.131 it follows that 

^ <Pa,hi>h2 = 5Z 

{aeG I aga-^=l} {aGG | aga-^=l} {y&F \ f*{y)=a} 

{y&F I f*{y)gf{y)-^=l} 

Using also Equation 16.61 for X = xFg it follows that 

Y <Pa,hi> h2= Y qy{hl)h2 

{aGG I aga-i=0 {y^xF, \ f*{y)gf*{y)-^=l} 

On the other hand it can be easily checked that the following set 
{y G xFg I f*{y)gf*{y)^^ = 1} is not empty if and only if / = ^g and 
in this case it coincides to xFg. Thus 

Pi{h ®Lig) m) = ^g{ Y %{hi)h2) <^L{g) m = Si^ .g h ^Lig) m 

y&xFg 

which finishes the proof. □ 

Lemma 6.16. With the above notations one has that H ®H{Fg) M = 
H ®H{Fxg) as Df{U,H) -modules. 
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Proof. One can check that the map 

H {H{xFg) ^HiF,) M)^H ^H{F,) M 

given by 

(6.17) a®L(^^g){h®L(^g)m) ^ ah®L(^g)m 

is an isomorphism of Df{U, -?/)-modules. Indeed, since F^g 
follows by Remark [63] that ip is a well defined linear map. On the other 
hand, clearly ip is a surjective morphism of D/(f/, if)-modules. Since 
both the domain and codomain have the same dimension it follows that 
is isomorphism. □ 

Lemma 6.18. Suppose that M E Xg. With the above notations one 
has that: 

(6.19) "( ^M) = y^'M 

as U Cxi L{ y^g) -modules. 

Proof. One can check that the following map: 
(6.20) 

y{ ^M) = H{yF.g)®HiF^^,{H{xFg)®HiF,)M) A H{yxFg)®HiF,^^)M 

given bx 0(a ®h{f^ , ip ®H{Fg) f^)) = ®H(Fy^ ) m is a well de- 
fined surjective morphism of ?7 ixi L( ^^(7) -modules. Since both mod- 
ules have the same dimension it follows that this is an isomorphism. 
Note that is just the restriction of the above map cf) to the domain 
H{yF.g) ®H{F^^) {H{xFg) ®h{f,) M). □ 

Since = M this implies that is also an irreducible U ixi 
L( ^(7)-modules if M is an irreducible U ixi L(5f)-module. Thus one has 
that ^{Xg) = Xxg and in this way one can define a function 

(6.21) Cx^g '■ Xg — )■ Xxg 

This define an action of F on Ug^cXg. 

6.2.2. Note that L{g) n L{h) C L{gh) for any g,heG. 
Lemma 6.22. There is a well defined map: 

(6.23) rug^h -.IgXlh-^ Igh 

given by 

(6.24) m,,,(M, N) := (M m iig;,^(,)) tlH^),,^,^ 
for any M G Ig and N El^. 
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Proof. Indeed M ^ U tx\ L{g)-mod and N ^ U tx\ L{h)-mod then 
clearly mg^h{M, N) G f/ cxi L{gh)-mod. Note that the above U ixi 
L(5f/i)-module structure is obtained by induction as in Lemma 16.91 
Moreover, similarly to Lemma 16.151 it can be checked by a straightfor- 
ward computation that mg^h{M,N) G \gh- □ 

6.3. On the fusion rules of generalized quantum doubles. Us- 
ing a Mackey type argument we obtain the following formula for the 
restriction of any irreducible Df{U, if)-module to the Hopf subalgebras 
UtxL{h) of Df{U,H). 



Lemma 6.25. For any M ^ Ig one has that 

(h\ r^, , ^ A/f I 

yL(h)nL{^g)J 



(6.26) H (S) Lis) M = 0(L(/i) ^L^nii ^g) 



as f/ IXI L{h)-modules where V is a set of representatives for the double 
cosets Fh\F/Fg 

Proof. Note that for any x G P the map 
(6.27) 

(j)^ : H{Fh) ®H(F,)ni?(F.,) {H{xFg) ® h{f,) M) -> H{FhxFg) ^h{f,) M 
given by 

(6.28) a (g) H(Fh)nH{F:.,) (b ® H{Fg) m) y-^ ab ® H(Fg) m 

is well defined and a surjective morphism of left L(/i)-modules. By a 
direct computation it can be checked that (px is also a morphism of 
[/-modules and therefore a morphism of [/ txi L{h)-modules. Since 

it follows by Equation 16.31 that both U ixi L{h)-modu\es have the same 
dimension and therefore (px is an isomorphism. Then (pg^h '■= ®xgv4>x 
provides an isomorphism between the two left U ixi L(/i)-modules from 
Equation OBI □ 

Lemma 6.30. Suppose that K and L are Hopf subalgebras of H and 
M and N are left K and respectively L-modules. Then 

(6.31) (j):{H^LN)^ {H ®k M) ^ H ®k {{H ®l N) ;f ®M) 

given by (a ®)l n) ® {b ®k ^) ^ &2 ®k {{S^^bia ®)l n) ® m) is an 
isomorphism of H -modules. 

Proof. It can be checked by straight forward computations that is an 
isomorphism of if-modules with inverse given by 6®x ((fl®L^) ®^) ^ 
ipia^Ln) ® {b2®K 'm). □ 
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Proof of Theorem II. 2t Lemma 16.221 shows that P{x) E l^gh and 
therefore the right hand term of Equation 11.31 is a Df{U, if)-module. 
It can be easily check that the isomorphism 

(6.32) M t m t f(.)4 (M t m) t Zh) 

from Lemma 16.301 is in our situation an isomorphism of Df{U,H)- 
modules. Indeed one has 

(f){u[{a n) ® {h ®K m)]) = (/)(n[(a (g)^ n) (g) {b ®k m)]) 
= 0((a2 (g)L U2n) (g) (62 (gx (M4)2'Ti))A(Mi, Sai)X{u3, as) 

X{{u4,)i,Sbi)\{{ui)s,bs) 
= 4>{{a2 ®L U2n) (g (62 (g^- u^m))\{ui, Sai)X{u3, a3)A(M4, 5'6i)A(u6, fes) 
= (^2)2 {{S'^{{b2)ia2) (g U5m)\{ui, Sai)X{u3, a3)\{u4, Sbi)\{uQ, 63) 
= bs ®K {{S^^b2a2 ®L U2n) (g u^,m)\{ui, Sai)X{u3, a3)A(u4, Sbi)X{u6, 64) 
On the other hand, 

u(j){{a ®L n) (g (6 (gii- m)) = ^(62 ®k {{S^^bia ®l n) (g m)) 
= (^2)2 ®x U2((5"^&ia ®L ^) ® m)A(Mi, 5(62)i)A(u3, (&2)3) 
= 63 (gi^ [n2(5'""^6ia (g^ n) (g M3m]A(ni, S'(62))A(m4, 64) 
= h ®K [{{S'^bia)2 ®L {u2)2n) ® u^m] 

A(mi, ^(62))A(n4, &4)A((^i2)i, 5((5-i6ia)i))A((M2)3, {S-'bia)^)) 
= bs ®K {{S^^b2a2 ®L usn) (g U5m)X{ui, Sb4)X{u6, be) 

X{u2, S{S'^b3ai))X{u4, S'^bias) 
= bs^K {{S^^b2a2®LU3n) ^u^m) 

A(mi, 5'64)A(u2, S'(ai)63)A(u4, S~%a3)X{uQ, b^) 
= b^^K {{S^^b2a2®LU2n) ^u^m) 

X{ui, S{ai)bsSb4)X{u3, S'%a3)X{u5, be) 
= bs^K {{S^^b2a2®LU2n) ^u^m) 
A(mi, Sai)X{u3, a3)A(u4, Sbi)X{uQ, 64) 

Following then Lemma 16.251 it follows that the left hand side of Equa- 
tion 11.31 is 

M t L(,) ® AT t f(,)= (M t m) t f(,) 

= (Ba^eAiHh) ®L(h)nLi ^g) ( ® iV)) f J/,)) 
= ©^ep if (gi( -g)nL(h) ( ""M ii(l^g)nL(ft) iif- g)nL{h)) 

as Df{U, if)-modules where the Df{U, ii)-module structure of the last 
term is given by Lemma 16.91 
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On the other hand, the Df{U, H)-module H ^Li ^gh) P{x) can be 
written as 

H ^gH) {L{ ^gh) .,)nL(.) ( m ;^S'4)nx(,))) 

It is also straightforward to verify that under the last isomorphism the 
D/(f/, -fr)- module structure of 

(6.33) H .g^nm ( m il[%)nm) 

also coincides with the one given in Lemma 16.91 
This shows that 

{H M) ® {H ^L^h) N) = ®^ev{H ®l{ h) P{x)) 
as D/(f/, if)-modules. 

6.3.1. Let Eg be the full abelian subcategory of Df(U, H)-mod gener- 
ated by the set of all irreducible Df{U, if)-modules of the type H ®L{g) 
M with M e Ig. Recall that for any M e Ig the if) -module 
H ®L(g) M from Lemma [Ol is denoted by Sg^M- Note that by Lemma 
16.161 one has that B xg = Bg for any x E F. 

Fix a set r = {gi,--- ,gs} a representatives for the orbits of the 
action of F on G. Theorem 11.11 gives a decomposition 

(6.34) MDfiU, H)) := (BgerMBg) 

of the Grothendieck ring of Df{U,H) such that for all g,h E G, one 
has 

(6.35) Ko{Bg)KoiBh)C®,^r)Ko{B.gh) 

where D is a set of double coset representatives of Fg\F/Fh. 

6.3.2. Suppose f : U ^ ]j*cop jg ^ surjective morphism of Hopf al- 
gebras and consider /* : F — )■ G as in Equation 13.131 Since /* is an 
injective morphism of groups one can identify the group algebra ZF as 
a subalgebra of ZG. Then a basis for CxgC^P) is given by the orbits 
sums: 

(6.36) s{g):= n^)9n^r' 

x&F/Fg 

Note that in ZG the product of orbit sums satisfy 

(6.37) sig)s{h) = Y^l^^gh : F.g n F,]s( ^gh) 

This formula appears in [30]. 
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Corollary 6.38. There is a ring surjection 

(6.39) Ko{Df{U,H))^C^G{^F) 
given by 

(6.40) [Sg,M] ^ idimM)sig) 

where Gici'^F) is the centralizer of ZF inside the group algebra ZG. 

Proof. Using Formulae 11.31 and 16.371 it is easy to check that the above 
defined map is a ring morphism. Since CzgC^F) is Z-spanned by the 
orbit sums 0{g) it follows that the above morphism is surjective. □ 

In particular we obtain the following generalization of Corollary 3.2 
from 

Corollary 6.41. For any semisimple Hopf algebra A one has a sur- 
jective ring morphism 

(6.42) Ko{D{A)) Z{ZG) 

where Z{ZG) is the center of the group algebra "EG. 

6.4. On the Grothendieck ring structure of Ko(-D/(t/, iJ)). In this 
subsection we show that the Grothendieck ring Ko(-D/(f/, if)) has the 
same type ring structure as the rings considered in [30] and [3]. Using 
the notations from Section 2 of |3D] one can take A{g) := KQ^Bg) for 
all 5^ G G and consider the structure maps 

(6.43) mg,h : MBg) x Ko{Bh) ^ i^o(V) 
and 

(6.44) Cg,,:K,{Bg)^Ko{B.g) 

induced from the maps defined in Equations 16.241 and respectively 
Equation I6.21[ Then clearly by Equation 16.341 one has that the in- 
variant ring satisfies A^ = Ko{Df{U, H)) as Z-modules since Cx,g is the 
identity map if a; G -F^. On the other hand Formula 11.31 from the tensor 
product shows that A^ has the ring structure described in Equation 2.3 
from [30]. Indeed, in order to realize this fact one has to identify as in 
page 19 of [30], the module P{x) G l^gig^ with the module ^P(x) G X^^ 
where y E L is chosen such that ''^^gi ^gj = gu for a uniquely deter- 
mined k = k{x). Here F = {gi}f=i C G is a fixed set of representative 
elements for the orbits of the action of F on G as above. Then one can 
use Corollary 2.5 of [30] . 
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